We show that in an arbitrary o-minimal structure the following are equivalent: (i) conjugates of a definable subgroup of a definably connected, definably compact definable group cover the group if the o-minimal Euler characteristic of the quotient is non zero; (ii) every infinite, definably connected, definably compact definable group has a non trivial torsion point. * The author was supported by the FCT (Fundação para a Ciência e Tecnologia) program POCTI (Portugal/FEDER-EU) and FCT (Fundação para a Ciência e Tecnologia)
Introduction
We work over an arbitrary o-minimal structure N and definable means Ndefinable (possibly with parameters). We will assume that the reader is familiar with the basic theory of o-minimality ( [7] ) and of definable groups ( [8] , [19] , [20] , [21] , [22] , [23] and [24] ).
In o-minimal structures there is an Euler-Grothendieck characteristic (in the sense of [16] ) for the category of definable sets, denoted E(−), which is useful for analyzing definable groups as the work by Strzebonski ([25] ) shows.
In this paper, following the line of Strzebonski's work combined with results from [10] , we prove the following:
In an arbitrary o-minimal structure the following are equivalent:
(1) If H is a definable subgroup of a definably connected, definably compact, definable group G such that E(G/H) = 0, then there exists a definably connected, definably compact definable abelian subgroup C of G such that C ⊆ H, dim C is the maximal dimension of abelian definable subgroups of G and
In particular,
(2) Every infinite, definably connected, definably compact definable group G has a non trivial torsion point.
The main result and other observations
Here we prove the main result of the paper and make some other observations that follow from it. Clearly in Theorem 1.1 condition (1) implies condition (2) . Indeed, suppose that G has no non trivial torsion points. Since E(G) = 0 implies that G has a k-torsion point for every k ∈ N ([25] Lemma 2.5), E(G) = 0. Now take H = 1 to reach a contradiction.
To verify that in Theorem 1.1 condition (2) implies condition (1) we will require the following perhaps well known observation: Lemma 2.1 Let G be a definable connected, definably compact definable group. If G has a non trivial torsion point then E(G) = 0 and G has non trivial k-torsion points for every k ∈ N.
Proof. If G has a non trivial torsion point, then it has a p-torsion point x for some prime p. By divisibility of G ( [10] ) for every l ∈ N there is z l ∈ G such that (z l ) p l = x. Then z l is a non trivial p l+1 -torsion point of G. Let C l be the subgroup of G of order p l+1 generated by z l . Then there is a definable bijection between C l × G/C l and G, and consequently
and we must have E(G) = 0 since l is arbitrary. Now by [25] Lemma 2.5, E(G) = 0 implies that G has a k-torsion point for every k ∈ N.
2 So assume condition (2) 
We claim that C is a definable 0-subgroup of H 0 and also of G in the sense of [25] , i.e., for every proper definable subgroup L of C we have E(C/L) = 0. Indeed, if L is a proper definable subgroup of C, then C/L is an infinite definably connected, definably compact definable group ( [8] Lemmas 3.14 and 3.15), and the assumption implies that E(C/L) = 0 as required. By maximality of dim C we have E(H 0 /C) = 0. In fact, the condition E(H 0 /C) = 0 implies there is a definable 0-subgroup K of H 0 with C < K < N H 0 (C) and C = K ([25] Theorem 2.14). Now from the fact that E(G/H 0 )E(H 0 /C) = E(G/C) and E(G/H 0 ) = 0 we conclude that E(G/C) = 0. Thus C is a 0-Sylow definable subgroup in the sense of [25] , i.e., it a maximal definable 0-subgroup of G (this follows at once from the definitions and [25] Theorem 2.14). In particular, dim C is the maximal dimension of abelian definable subgroups of G. Now by [25] Theorem 2.21 we have also that G = ∪{gCg −1 : g ∈ G}.
2 Corollary 2.2 Suppose that N is an o-minimal expansion of an ordered group. If H is a definable subgroup of a definably connected, definably compact definable group G such that E(G/H) = 0, then G = ∪{gHg −1 : g ∈ G}.
Proof. By Theorem 1.1 it is enough to verify (2). In the abelian case this has been verified in [15] (linear case), [18] (semi-bounded non linear case) and in [12] (field case). For the general case one can use the fact that G/Z(G) 0 is definably semi-simple ( [20] or [8] ), transfer and the description of such groups given in [21] , [22] and [23] .
2
We end the paper with the following observations:
• Corollary 2.2 was previously proved in o-minimal expansions of fields in [1] using the o-minimal Lefschetz fixed point theorem ( [2] , [11] and [14] ).
• In o-minimal expansions of fields, there is another short proof of the existence of non trivial torsion points on infinite, definably connected, definably compact definable abelian groups besides the ones that appear in [2] and in [12] . This alternative proof avoids also the o-minimal Lefschetz fixed point theorem. Indeed, using the o-minimal singular homology ( [13] and [26] ) one can define the Lefschetz number of the multiplication by k map on such abelian definable group G. As in the classical book by Brown ([4] , Chapter III, Section F) one can show that this number is (1 − k) r for a suitable r (which is positive because G is orientable). Hence the Lefschetz number of the identity on G, which is also the o-minimal Euler characteristic of G ( [2] , p. 788), is zero. Hence by [25] Lemma 2.5, G has a k-torsion point for every k ∈ N. This argument was first pointed out by the author in the unpublished manuscript [9] .
• Connected, compact Lie groups are semi-algebraic groups: any compact Lie group G is isomorphic to a compact subgroup K of GL(n, R) for some n ( [5] , Chapter 3, Theorem 4.1, p.136) and any such K is a (real)algebraic subgroup of GL(n, R) ( [6] , Proposition 2, p. 230). Thus the results of this paper together with those from [10] generalize classical results about compact Lie groups (see for example [17] , Chapter V, Section 3).
